We investigate the structure of Kubo -Martin -Schwinger (KMS) states on some extension of the universal enveloping algebra of SL(2, C). We find that there exists a one-to-one correspondence between the set of all covariant KMS states on this algebra and the set of all probability measures dµ on the real half-line [0, +∞), which decrease faster than any inverse polynomial. This problem is connected to the problem of KMS states on square of white noise algebra.
1 Introduction.
The basis object in quantum field theory is S-matrix [1, 2] , which describes the scattering problem at infinite times. But in a number of cases one is interested in the behaviour of quantum systems at large, but finite intervals of time. The general method for studying dynamical problem in quantum field theory is the method of stochastic limit developed by L. Accardy, I.V.
Volovich and others [3] . This method leads to quantum stochastic equation.
In [4] the authors have studied quantum stochastic equations of the form
where a, b are real numbers and {b 
These equations contains the squares of white noise. After the renormalization suggested in [4] these squares generate so-called square of white noise (SWN) algebra [5, 6] . KMS states was introduced in [7] . KMS states on SWN algebra were considered in [8] , where it was found the example of KMS state on SWN algebra. Our main goal is to clarify the structure of KMS states on SWN algebra. After discretising suggested in section 2 our problem will reduce to analogous problem for U(sl(2, C)), the universal enveloping algebra of sl(2, C), where sl(2, C) is the Lie algebra of SL(2, C). In the present paper we give complete description of KMS states on some extension of sl(2, C).
We find that there exists a one-to-one correspondence between the set of all KMS states on this algebra and the set of all probability measures dµ on the real half-line [0, +∞), which decrease faster than any inverse polynomial.
Our main result contained in Theorem 1.
Problem setup.
In this section the necessary notion are introduced and the main result (Theorem 1) is formulated. Let Γ be a space of piecewise continuous functions on [0, 1] . Γ is a Hilbert algebra with respect to the complex conjugation and the scalar product of the form
[N(f ), N(g)] = 0.
The involution is defined by the formulas
Algebra B is called square of white noise algebra [5, 6] .
Let E be a ⋆-algebra with a unit. The state τ on E is a positive linear functional satisfying the following condition: τ (1) = 1.
Let E be a ⋆-algebra, β be a real positive number and V t (t ∈ R) be an one-parameter group of its automorphisms. We say, that the linear functional τ on E is a KMS-functional with respect the pair {β, V t } if ∀A, B ∈ E there exists continuous function F AB : S β → C which is holomorphic inside the strip S β = {z ∈ C | 0 ≤ Imz ≤ β} such that for any real t
and
Let U t , t ∈ C be an one-parameter group of automorphisms of B, defined by the following relations:
Here ω(x) is a real-valued positive continuous function on [0, 1].
Our aim is to classify all KMS states on B with respect the pair {β, U t } .
The discrete variant of our problem is to classify all KMS states on the algebra C m , generated by generators B i , B + i , N i , satisfying the following relations:
The KMS condition has the form:
here U t acts on generators as
In the first instance we consider the case of the algebra C m for m = 1.
Remind that sl(2, C), the Lee algebra of SL(2, C) is generated by generators X, Y, H with the following relations:
Using substitution
we see that the algebra C 1 coincide with the universal enveloping algebra of sl(2, C) with the involution of the form
Denote by P the set of all continuous complex-valued function on R which increase slowly than some polynomial at infinity. Let a be a real number. Denote by T a an operator acting in the space P as follows
Definition.
Denote by A a ⋆-algebra, generated by generators X, Y, N F , F ∈ P which satisfy the following relations:
An involution in A is defined by the following rules:
We can embed U(sl(2, C)), the universal enveloping algebra of sl(2, C)
We will see below that A has enough much representation, so N is iso-
There exists one-parameter group of automorphism U t , t ∈ C of A acts on generators as follows
The ⋆-subalgebra of A generated by all elements of the form N F where F ∈ P, is called the Cartan subalgebra and is denoted by N .
Proposition. The following expression
define a state ρ on N . Here dσ is an arbitrary probability measure on real line which decrease faster than any inverse polynomial. Conversely, for any state ρ on N there exists probability measure dσ on line, which decrease faster than any inverse polynomial at infinity such that for all F ∈ P (20)
holds.
Proof. Let ϕ be a positive functional on the space C(R) of bounded continuous functions on R. It follows from the Riesz -Markov theorem, that there exists a nonnegative measure dµ, such that a)
for all continuous functions g(x) on R such that g(x) → 0 as x → ±∞.
Let us consider functionals ψ on C(R), n = 1, 2, 3..., defined as follows
So there exist the nonnegative measures dµ n , dµ n < ∞ such that
for all continuous function F (x) such that F (x) → 0 as x → ±∞.
So for any functions F (x) such that
for some constant C, we have
where
It is easy to see that dσ n does not depend of n. It follows from the representation (25) that dσ n tends to zero faster then any inverse polynomial at infinity. The proposition is proved. Let us define characteristic functional of ρ χ ρ (t) by the following formula 
for some probability measure σ on (0, +∞) which decrease faster than any inverse polynomial. Here m 1 , m 2 are arbitrary real numbers such that
If an extension exists then it is unique.
3 Beginning of the proof.
Let us show that the part "if" of the theorem holds. In order to construct ρ we will investigate irreducible representations of Lee algebra sl(2, C), or more precisely modules over A. All irreducible representations of sl(2, C) with involution (14) have classified in [6] (see also [8] ). Unitary representations of the Lee group SL(2, C) have studied in [9] . We extend this construction to the case of the algebra A Definition. Let λ be a real positive number. V λ is a module over A spanned on vectors |λ, n , n = 0, 1, ... defined by the following representation Proof of this lemma is standard, see [6] Definition. V 0 is a module over A spanned on vector |0, 0 such that
defined by the following reprentationˆof generators X, Y, N F on |0, 0
KMS states ρ λ . Let λ ∈ R, λ > 0. Consider the completionV λ of module V λ with respect to a scalar product, defined in the previous Lemma.
Consider the trace class operator ρ λ = e −βH 2 Z acting inV λ , whereH is an unique self-adjoint extension of H from V λ and Z = tr{e −βH 2 }. Operator H is essentially self-adjoint because V λ contains the basis of eigenvectors of H, see for example [10] Define the state ρ λ on A by the following formula
where {E µ } is a spectral family ofH. It is easy to proove, that this expression is well defined.
Lemma 2. The following equality holds
Proof. Direct calculation.
Consider a state ρ 0 on A defined by the formula,
and define a state ρ on A of the form
where dσ is a probability measure, which decreases faster than any inverse polynomial. By using the definition of V λ and the scalar product on it one can see that ∀a ∈ A ρ λ (a) increase slowly than some polynomial at infinity.
So the integral in the right hand side exists. It follows from lemma 2 that the characteristic functional of the restriction of ρ on N has a needed form (27). So the part "if" is proved.
4 Decomposition of the state ρ into the direct integral.
Now we begin to prove the part "only if". Let ρ be an KMS functional on
A.
Let us make the GNS construction for the state ρ. We get a Hilbert space H, the dense subspace D, the representationˆof A by means operators, acting from D to D, cyclic vector |Ω ∈ D i.e. the vector such thatÂ|Ω = D. We get also ρ(a) = Ω|â|Ω . For each a ∈ D by |a denote the vectorâ|Ω .
Lemma 3.
There exists an unique projector-valued measure dE in H such that for all |f , |g ∈ D and a continuous function F (λ), which increase slowly than some polynomial at infinity.
and f |dE(λ)|g decrease faster than any inverse polynomial.
Proof. The functional ρ is positive. So for all f ∈ D the functional F → f |N F |f is positive. Therefore there exists a Borelian measure dµ f,f which decrease faster then any inverse polynomial such that
Using polarization identity we can find the measure dµ f,g , such that
The measure dµ f,g is a linear functional of g and an antilinear functional of f . Now, for each bounded Borelian function F define the following sesqulinear form
It follows from this representation that for each bounded Borelian function F there exists bounded operator in H which we denote byN F such that
Now for each f, g ∈ H (not necessary in D) we can define the measure dµ f,g by the following formula
where χ B is an indicator of Borelian set B.
Let us prove that the measure dµ f,g is σ-additive measure. Let B n , n = 1, 2, ... the sequence of Borelian sets, such that
if n > N.
, and µ is σ-additive. Now using approximation of Borelian function F by simple function we can prove that (37) is valid for all f, g ∈ H and bounded Borelian function F .
Let F , G -be continuous functions with compact support. We have
We have proved the representation (37) for all f, g ∈ H and bounded Borelian function F . From this fact it follows that formula (44) is valid for all bounded Borelian functions F, G. So we have constructed projector-valued measure
The lemma is proved
Remark. For any function F which increase slowly than some polynomial the following spectral decomposition Proof. Let f be a continuous function with a compact support. Let us compute −ρ(XN f Y ), using the KMS property of the state ρ.
But U iβ (X) = e −β X, therefore
or
Substituting f (x) for f (x + 2k) in previous equality we get
Let f be a continuous function with a compact support suppf ⊂ (−∞, ).
Suppose that ρ(N f ) = 0 (this fact will be proven below). Then
Indeed
Using Schwarz inequality 
It follows from positivity of f that:
Moreover, it follows from positivity f that:
From (39) we get that −ρ(XN T −2k f Y ) tends exponentially to infinity then
This contradiction concludes the proof .
Decomposition of the state ρ into the direct integral.
Let C ′ be the ring of all finite linear combination of elements of the form e nβ e iπr , r ∈ Q, n ∈ Z with rational coefficients. It is obvious that this ring contains only countable number of elements.
Definition. Let A = {η i }, i ∈ Z some countable set of continuous function with compact support. Let C be a set of functions, which consist of all elements of the form
It is obvious that C is countable. Let us consider the set of all elements of the form:
where P (X, Y, H) is a polynomial on its arguments with coefficient from
This set is countable. The algebra A ⋆ over C ′ , by definition, consists of all linear combination of elements of the form (41) with rational coefficients. 
be its spectral decomposition. ∀a ∈ A ⋆ we put by definition dη(a) = Ω|dP ϕâ |Ω , and dµ = Ω|dP ϕ |Ω .
Lemma 5.
For almost all ϕ ∈ [0, 2π) there exists a unique KMS-state
Proof. Obviously we have
Let us consider the following measures dη(a) = Ω|(dP ϕâ )|Ω , dµ = Ω|(dP ϕ )|Ω .
Let us prove that the measure dη(a) is absolutely continuous measure with respect the measure dµ. Indeed let B be a Borelian set such that µ(B) = 0.
We have
So, by using the Radon -Nickodym theorem we see that there exists the function τ (a)(ϕ) such that
The last equality is valid almost everywhere.
Let us prove that τ (a ⋆ a)(ϕ) ≥ 0 for almost all ϕ and all a ∈ A ⋆ . Let P (e iπϕ ) be an arbitrary positive trigonometric polynomial. According to the Riesz theorem we find that there exists a trigonometric polynomial Q(e iπϕ ) such that
Using the spectral decomposition of e iπH we see
So for almost all ϕ and all a ∈ A ⋆ τ (a ⋆ a)(ϕ) ≥ 0. Note that we use the fact that A ⋆ contains only countable number of elements.
Let us prove that τ (ϕ) is a KMS-functional. Note that ρ(·P (N e iπx )) is a KMS-functional for an arbitrary trigonometric polynomial P (N e iπϕ ) i.e.
Using spectral decomposition for e iπH we find:
P (e iϕ ) is an arbitrary trigonometric polynomial. So for almost all ϕ and all A, B ∈ A ⋆ we find:
The lemma is proved.
The proof of this lemma is like to the proof of the von Neumann spectral theorem [11] .
Let us make now for all ϕ from the previous lemma the GNS construction for τ ϕ . We get:
a) The Hilbert space H ϕ ,
b) The dense subspace D ϕ over the ring C ′ .
c) The representationˆof A ⋆ in H ϕ by means C ′ -linear operator, acting from
Definition. The algebra A ⋆⋆ is an algebra generated by all elements of the form
Here P (X, Y, N x ) is a polynomial, and f is an element of C of the form Proof. Let a ∈ A ⋆ and be a η n (x) ∈ B sequence of real-valued continuous
Let us prove that D ′ ϕ is a dense subset in D ϕ . We have:
Therefore the following series
converges. So by using B. Levi theorem we find that τ ((η
0 for almost all ϕ. This fact and inequality (71) implies that (aN η ′ n (x) − a)|Ω ϕ → 0. The lemma is proved.
The following lemma holds.
Lemma 7. For all ϕ from lemma 5 there exists the spectral family
such that
For all |f , |g ∈ D ′ ϕ . Moreover, self-adjoint operator, which acts in H ϕ defined by its spectral decompositioñ
is positive.
Proof. Let K be a smooth function with compact support such that
Note that the measure
where f, g ∈ A ⋆⋆ is an absolutely continuous measure with respect the measure dµ because
So there exists the functions
Note that for almost all ϕ ψ n (ϕ)[f, g] is a positive sesqulinear form and
Let G(e iπϕ ) be an arbitrary trigonometric polynomial. We have
So we have
Suppose that the function K n has a support in a small neighborhood of the point π −1 ϕ + 2n, and K n (π −1 ϕ + 2n) = 1. We have
It follows from this identity thatN K is self-adjoint bounded operator in H ϕ .
It follows from (83) that
It follows from (84) that N Kn is a projector in H ϕ . Let F π −1 ϕ+2n = N Kn .
One can easily proof using (82) that F π −1 ϕ+2n F π −1 ϕ+2m = 0 if n = m. The fact, that F π −1 ϕ+2n = 0 if n < 0 follows from the positivity ofH in H. It follows from (80)
5 Decomposition H ϕ into the sum of irreducible components.
Lemma 8. H ϕ can be decomposed into the direct sum of subspaces H k ϕ , k = 0, 1, 2, ...
⋆⋆ ) extends by continuity to bounded operators from RanF π − ϕ+m to H ϕ . These extensions we will also denote byX,Ŷ , N F ).
c) The following subspaces
are invariant under the action of the operatorsX,Ŷ , N F .
Proof We have proved that τ (a)(ϕ) is a KMS state on A ⋆⋆ for all ϕ from 
Here η n (H) ∈ B -is a sequence of real-valued functions such that
To define the limits (89) we need no any topology because η n (H)X, η n (H)Ŷ become stabilize on A ⋆⋆ D π −1 ϕ+2n 0 . Note that the following relation holds
Note that ∀n ∈ Z the operatorsX,Ỹ ,H are the bounded operators from
The proof of this fact is similar to derivation of the formula for scalar product on V λ . So we can extend the operatorsX,Ỹ ,H to the operators acting in A ⋆⋆ D π −1 ϕ+2n 0 with invariant domain:
It is easy to see that
Note that the formulas (89) defines operators X, Y , H acting in
Let us prove that for all n = 1, 2, ... the operatorsX n are the bounded operators from RanF π − ϕ+n+ ∩ D ϕ to H ϕ . Let ψ ∈ RanF π − ϕ+n+ . We can represent ψ as a sum:
For all ε > 0 we can find decomposition (93) such that the projection of the vector f 2 to the space H n 0 ϕ ∩ F π −1 ϕ+2n 0 +2 has a norm which is less then ε. So we can think f 1 ≤ 2 ψ , f 2 ≤ 2 ψ . Let us calculate f 2 |Ỹ nX n |f 2 .
∀n ∈ Z + we will prove by induction there exists constant C n such that
The second term in the right hand side of last equality is equal to
for some constant C and we must to estimate the first term f 2 |Ỹ nX n+1Ỹ |f 2 .
Note thatỸ |f 2 ∈ Ran ∈ F π − ϕ+n and there exists the constant C ′ such that Ỹ |f 2 ≤ f 2 . We have proven that ∀n = 0, 1, 2... the operatorsX,Ỹ ,H are the bounded operators on RanF π − ϕ+n+n ∩ A ⋆⋆ D π − ϕ+n , n = 0, 1, 2....
So there exists a constant C ′′ such that f 2 |Ỹ nX n+1Ỹ |f 2 ≤ C ′′ f 2 |f 2 . The statement is proved.
6 Decomposition of the state τ ϕ into the sum of the Gibbs states and the end of the proof.
Let us decompose the vector |Ω ϕ into the following direct sum
Now we state the following Lemma 9. The following states
are well defined and the KMS states.
Proof. Let us show that τ n (P (X,Ỹ )Ñ F )(ϕ) are the KMS states. Let us introduce, the operatorsX,Ȳ ,H defined on
a) The subspaces H ϕ respectively, and the restriction ofX,Ȳ ,H toH n 0 +m ϕ are equal to zero as m > 0. We will find these operators in the following form:
It is easy to find such C 
for all N F ∈ A ⋆⋆ . Note that the group of automorphisms U t acts on X, Y , N F as follows
So we have prove the KMS property of the functional τ 0 . The prove of the KMS property of τ 1 , τ 2 , ... is analogues to the previous prove.
Then the following lemma holds.
Lemma 10. We can chose the set A such that for all a ∈ A ⋆⋆ τ ϕn (a) = ρ π −1 ϕ+2n (a).
Proof. Let us prove that τ ϕl (a) l = 0, 2... is defined by the Gibbs formula.
Note that the Hilbert space H n 0 +l ϕ , is isomorphic to Γ ⊗V π −1 ϕ+2n 0 +2l Here Γ is a some Hilbert space, and ⊗ means the tensor product of Hilbert space.
The domain of restriction of operatorsX,Ỹ , F (H) to H n 0 +l ϕ consider with Γ ⊗ V π −1 ϕ+2n 0 +2l . Here ⊗ means an algebraic tensor product and operators X,Ỹ , F (H) at this representation have the form
where λ = π −1 ϕ + 2n 0 + 2l.
Here symbol () n,m -means the matrix element between the vectors |λ, n , |λ, m . We must prove that Ω ϕ0 |F ϕ+2l+2n )|Ω ϕ0 is proportional to the Gibbs weight. It is easy to do by considering the element Ω ϕ0 |XF λ+2nŶ |Ω ϕ0 and using the KMS property. So our lemma is proved.
So, we see that for all a ∈ A
where by definition m i (ϕ) = Ω ϕn |Ω ϕn . Let us consider the measure dσ(λ)
So our state can be represented as
Now let a = N e itx ∈ A * , where t ∈ Q. Let η n (x) ∈ B be a sequence of continuous functions such that suppη
Where ρ λ defined in (32,33). The right hand side of this equality can be represented as follows
for some measure dµ decreasing faster than any inverse polynomial. So the right hand side of (115) 
Booth sides of equality (118) are continuous on t so (118) is valid for arbitrary t. It follows from (118) that dσ is a linear combination of dµ(λ) − σ(0)δ(λ) and dµ(λ − 2) − α(0)δ(λ − 2) therefore dσ decrease faster than any inverse polynomial.
Therefore the part "only if" is proved.
Uniqueness
We can prove the uniqueness of ρ by induction on the number B, B + by using the KMS property. Let 
where the number of elements B ± is equal to n. The base of induction (n = 0) is obvious. Suppose that the statement is proved for m = n − 1, n − 2, ...1.
Consider the expression
Here A is a product of n − 1 operators B ± . Using the KMS property we 
But [A, B + ]T −2j F contains only n − 1 operators B ± . We can write analogues for ρ(BAN F ). These representations prove the uniqueness of ρ.
8 Conclusion.
In the present paper we have investigated the structure of Kubo-MartinShwinger states on universal enveloping algebra of sl(2, C). It is interesting to generalize our results to the infinite dimensional case, general Lie algebras and quantum groups.
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